For the present purpose (the comparison of the mass-defects of the first few elements) it does not make any difference whether we adopt the hypothesis contained in (b) or (c), because the first elements, even up to Cl, do not contain any free electrons. The calculations will probably hold, even if the hypothesis (a) is adopted.
the width of the potential hole, it is possible to make calculations on the mass defects of other nuclei. Such computations were carried out for He and yield values which are greater than the mass defect of H' by a rather large factor. This agrees with experiment. For the higher elements, the Pauli principle has to be taken into account and the structure of higher nuclei is discussed on this basis. neutrons) should be, just as in (b) , equal to the number of "free electrons, " as proposed by , Beck. ' Some arguments in favor of this assumption were given by the present author. '
For the present purpose (the comparison of the mass-defects of the first few elements) it does not make any difference whether we adopt the hypothesis contained in (b) or (c), because the first elements, even up to Cl, do not contain any free electrons. The calculations will probably hold, even if the hypothesis (a) is adopted.
There seem to be three alternative possible assumptions concerning the nature of the forces acting between protons a,nd neutrons. (The forces between two protons or between two neutrons are always neglected. ) Heisenberg assumed that these forces are of the exchange type, similar to those of the H2+ molecule. If we suppose, however, that the neutrons have to be treated as elementary particles, one must either assume a certain potential energy U(r) between a proton and a neutron, or a three-body force. The present calculations will be made on the basis of the former assumption. The other possibility is to calculate with a potential energy which is a function of the mutual distance of three particles. Forces of this kind' must be assumed in the hypothesis (c) for HE discovery of the neutron by Chadwick, '
and by Curie and Joliot' has made possible a more detailed picture of the constitution of the nuclei. As far as can be seen at present, there are three different assumptions possible concerning the elementary particles.
(a) The only elementary particles are the proton and the electron. This point of view has been emphasized by Heisenberg and treated by him in a series of papers. ' (b) The neutrons are elementary particles and the nuclei are built up by protons, electrons and neutrons. This point of view was proposed by Dirac and adopted by Bartlett4 in his discussion of the constituents of the light elements.
(c) It may be assumed furthermore that in addition to the neutrons, discovered by Chadwick ("heavy neutrons") there are "light neutrons" of electronic mass, as first proposed by Pauli. ' The number of light neutrons should be equal to the number of electrons in every nucleus and they leave the nucleus simultaneously with the P-rays. The number of electrons (and light Chadwick, Nature 129, 469 (1932 (n", n&) values (1, 2), (2, 1), (4, 3), (4, 6), (6, 5), (6, 8) , (8, 7) . A possible reason that these nuclei have so far escaped detection, together with a more exact proof of the above-mentioned rule, will be given in Section III, a different explanation of their constitution was put forward by Jones. '
It may be seen furthermore, that just as in the theory of Heisenberg, the energies of the nuclei (n, n') and (n', n) are equal. Consequently among all nuclei with the same mass n+n' that with the charge n,"= (n"+e~)/2 will be the most stable, having the largest number (n"+nq)'/4 of attracting terms. The formation of the nuclei after 0" may be imagined like this'. Assuming that the addition of a heavy neutron to 0" is connected with an energy gain, we get 0".Then according to the preceding rule, the capture of another neutron is possible, giving 0". By this process the number of neutrons is increased so much in the nucleus, that it may capture a new proton giving F and then another, giving Ne".
Now by the increased number of protons the capture of a new neutron is possible, giving Ne", and with another one Ne", and so on.
In addition to the difficulty connected with the apparent non-existence of the above-mentioned nuclei, it seems rather surprising that the nuclei between 0 and Cl adhere so very closely to the condition n"=n&. This difficulty can be avoided, of course, by assuming a repulsive force 9 E. G. Jones, Nature 130, 580 (1932) .
between the neutrons and between the protons at small distances.
The potential, as suggested in reference eight is also capable of explaining the qualitative features of the series of existing elements in some respects even better than that just discussed.
It does not seem, however, to be easy to make simple assumptions as to the general shape of such a potential.
One of the remarkable facts about the mass defects in the very first elements is the very great binding energy of the He nucleus. The binding energy of the H' nucleus is only" three times the rest energy mc' of the electron, the binding energy of the He is" 52nzc', if we assume the mass of the neutron equal to the mass of the proton 1.00724 (referred to the mass of neutral 0"). Fig. 2 . given by the broken line in Fig. 1 . One sees that it extends over a much wider region than U(r) and in consequence the mean potential energy is much smaller than vo. In Fig. 3 , the mean negative potential energy -I', the mean kinetic energy X and the negative total energy -c=3 are plotted against the parameter p for the case in which vo is taken from Fig. 2 , yielding (by Eq.
(3)) e= -3. For small values of p, the negative mean potential energy is much larger than -e, and is almost totally compensated by the kinetic energy. Thus the value of e is very sensitive to small variations of vo, because these latter increase the mean potential energy without affecting the kinetic.
In order to have a check on the relative independence of the (vo, p) curve on the exact shape of the potential function, another two-parameter family ae '" of such functions was taken (light line in Fig. 1) We now come to the calculation of the binding energy of the He nucleus, 1 and 2 are neutrons, 3 and 4 protons. We may try as the first approximation to P the following expression
where f d3 indicates integration over all coordinates of the particle 3 and f is an as yet unknown function which will later be taken as the solution of an equation similar to (2) but with a different V. The meaning of (10) is, that the probability J'$42d3 of a certain position of 4 for a given position of 1 and 2 is f(r44)'f(rg4)', in analogy to (6). Really, P will be symmetric with respect to the interchange of the pair 1, 2 with the pair, 3, 4.
Upon calculating the expectation value of the potential energy for P&, given by (10), one obtains 4J'f(r~)4'V(r~)2did2=4P , rfour times the mean potential energy of a nucleus H' in the state P = f For the kinetic energy, however, one gets
where
is the mean kinetic energy of the proton and neutron in H' in the state P=f The k. inetic energy for (10) is, in consequence of (11),smaller than 4K~as the integral in (11) (214) +sin (312) sin (314) cos a (13) where n is the angle between the planes through 1, 3, 2 and through 1, 3, 4. After inserting (13) into (11) one sees that the integral arising from the second part of (13) will vanish upon integration over n and the total integral in (11) becomes
which is clearly positive. This integral was estimated in the following way. The function f(r) was approximated by o.e t'" with undetermined -r2 a and P. Then (14) was calculated and compared with the integral occurring in the expression (12) of the kinetic energy. It was found -as might be expected -that the ratio of both is independent from n and P and is equal to 0.5. For f =me e' the ratio is even 0.64, but 0.5 was adopted in the subsequent calculation in order to stay on the safer side. The total energy therefore is for p& (f"ESP, ) =4P&+3.5Kr=3.5(Kg+1. 14'). (15) Now we can choose f so as to minimize (15), which is readily obtained, by assuming that f is the solution of a differential equation like (2), only with the potential multiplied by 1.14. The total energy (15) is then 3.5 times the binding energy of such an imaginary nucleus, with 1.14 times the real attraction.
As was pointed out before, the characteristic value of (2) It seems therefore that if the potential hole is thin, the attractive forces between the neutron and proton give even a too large mass defect for the He, so that a repulsion between the different neutrons and between the different protons may be assumed.
In conclusion one can state that if the basis of the present calculation should prove to be correct, the difference of the mass defects of He and H' can be attributed to the great sensitivity of the total energy to a virtual increase of the potential -as is brought about by the fact that every particle in the He is under the inHuence of two attracting particles, instead of one as in ' The best wave function I could 6nd was ae ' &"»'+"»'+"&4'+"24'+:"»'+& "34'), it gave a ratio of about ]4. the case of H'. The reason for this sensitivity lies in the functional dependence of the lowest energy value on a multiplicative factor v of the potential, which is as follows. For very small values of v there is no negative energy value at all (provided that the potential goes more strongly to zero than 1/r'). If v attains a critical value (5/p' for the potential (1)), there arises one discrete energy value at zero, which becomes more negative on a further increase of v. In the neighborhood of the critical value, however, a very large relative change corresponds to a comparatively small relative change of v. A characteristic property in the neighborhood of the critical value of v is that the mean kinetic energy is almost oppositely equal to the mean potential energy, i.e. , the total negative energy is much smaller than the kinetic. That this is actually the case can be simply shown by an application of Heisenberg's indetermination principle. "
No similar sensibility exists, of course, in one dimension as the critical value of v is 0 in this case. " "W. Heisenberg, reference 3, calculated in this way the kinetic energy of the electron in the neutron and inferred from the number obtained that it cannot obey the laws of quantum mechanics since the mean kinetic energy is much larger than the mass defect. This consideration, of course, cannot be applied for the free electrons in the higher nuclei (cf. reference 6) as the mass defects are much larger tha, n that used by Heisenberg for the neutron, and the same holds also for the nuclear diameters.
